ABSTRACT. Using an integral of a hypergeometric function, we give necessary and sufficient conditions for irrationality of Euler's constant γ. The proof is by reduction to known irrationality criteria for γ involving a Beukers-type double integral. We show that the hypergeometric and double integrals are equal by evaluating them. To do this, we introduce a construction of linear forms in 1, γ, and logarithms from Nesterenko-type series of rational functions. In the Appendix, S. Zlobin gives a change-of-variables proof that the series and the double integral are equal.
Introduction
In [12] we gave criteria for irrationality of Euler's constant γ, which is defined by the limit γ := lim
where
is the N th harmonic number. The criteria involve a double integral I n modeled on B e u k e r s ' integrals ( [2] ) for ζ (2) and ζ (3) , and the main step in the proof was to show that d 2n I n ∈ Z + Zγ + Z log(n + 1) + Z log(n + 2) + · · · + Z log(2n), denotes the least common multiple of the first n natural numbers.
Here we define I n instead as an integral involving a hypergeometric function; we prove that the same criteria hold with this new I n . The proof is by showing that the old and new definitions of I n are equivalent. (Alternatively, one could give a self-contained proof along the lines of [12] ; the required inequality I n < 2 −4n follows easily from Lemma 1 below.) To show the equivalence, we introduce a series modeled on the one N e s t e r e n k o used in [8] to give a new proof of Apéry's theorem that ζ(3) is irrational. (We modify Nesterenko's rational function, and where he differentiates in order to go "up" from ζ(2) to ζ(3), we integrate to go "down" to γ, which one may think of as "ζ(1).") We prove that both versions of I n are equal to the sum of our series, by evaluating them. In the Appendix, Sergey Zlobin gives a change-of-variables proof that the double integral and the series are equal, without evaluating them.
The chronology of discovery, different from what one might expect from the above, was as follows. After reading N e s t e r e n k o 's paper [8] , we constructed the series and derived irrationality criteria for γ from it. Later, H u y l eb r o u c k 's survey [6] of multiple integrals in irrationality proofs led us to find the double integral, and using it we rederived the criteria. Z u d i l i n 's work [18] gave us the idea to express the series in hypergeometric form. Here we use Thomae's transformation to simplify the hypergeometric function (compare [11] ). We hope that the variety of expressions for I n will turn out to be useful in determining the arithmetic nature of γ.
After seeing [11] , the H e s s a m i P i l e h r o o d s [5] extended our non-hypergeometric results to generalized Euler constants. In particular, they used our construction (in Section 4 below) of linear forms involving γ and logarithms from series.
For an approach to irrationality criteria for γ using Padé approximations, see P ré v o s t 's preprint [10] .
Recently, Z u d i l i n and the author obtained results [17] analogous to those in [12] , but using q-logarithms instead of ordinary logarithms.
Hypergeometric irrationality criteria for Euler's constant
We state the criteria. First recall that the hypergeometric function 3 F 2 is defined by the series
where ( and let I n be the "hypergeometric integral"
whose convergence follows immediately from the proof of Lemma 1.
Ì ÓÖ Ñ 1 (Hypergeometric (ir)rationality criteria for γ)º The following statements are equivalent:
The assertion is true for all n sufficiently large.
(3) Euler's constant is a rational number.
After establishing some preliminary results, we give the proof in Section 6.
A series for I n
We express the integral I n as a series.
Ä ÑÑ 1º If n > 0, then
P r o o f. Fix n > 0. We claim that
To show this, we apply Thomae's transformation ([1, p. 14], [4, p. 104], [7] )
After permuting the upper parameters in the resulting function 3 F 2 , we obtain the integrand in the definition of I n , proving the claim. Now since
we can use the identity Γ(x + 1) = xΓ(x) to write
is the rational function in (2) . Interchanging integral and summation, and replacing t with t − ν, and ν by ν − n − 1, we arrive at (2).
Constructing linear forms in 1, γ and logarithms from series
We give a method for constructing linear forms involving γ and logarithms from certain series of rational functions. 
ÈÖÓÔÓ× Ø ÓÒ 1º Fix n > 0 and let R(t) be a rational function over C of the form
by the quantity 
Using (5.2), it follows that the left-hand side of (6) is equal to B(H
, and we obtain the required formula by letting N tend to infinity.
Summing the series for I n
Applying Proposition 1 to the rational function R(t), we sum series (2) for I n .
Ä ÑÑ 2º If n > 0, then
where L n is the linear form in logarithms
and A n is the rational number
Moreover, inclusion (1) holds and d 2n L n = log S n . P r o o f. The partial fraction decomposition of the integrand in (2) is given by the right-hand side of (3) with 
A double integral for I n and proof of the Criteria
We obtain another representation of I n , as a double integral, and prove Theorem 1.
Ä ÑÑ 3º For n > 0, the following equality holds: [12] , which is the same as Theorem 1, except that in [12] we defined I n to be the double integral in (8) .
Remarkº There exist representations of many constants as double integrals of the same shape as the one in (8) -see [3] , [14] , [15] , [16] .
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